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fMRI

functional Magnetic Resonance Imaging -
Data from a visual stimulation experiment.

o Stimulus: 8 Hz flickering checkerboard
o 4 period (a 30 sec.) rest, 3 periods stimulus

||||||||

» Cross section of the brain observed every 3rd sec.
» observe BOLD effects
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fMRI

functional Magnetic Resonance Imaging -
Data from a visual stimulation experiment.
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fMRI

functional Magnetic Resonance Imaging -
Data from a visual stimulation experiment.
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Model

Yit = a; + 2tbir + €5
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Model

Vit = a; + 2ty + €5
o y;;. Data in pixel ¢ at time step ¢
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Model

Vit = a; + 2tbir + €5
o y;;. Data in pixel 2 at time step ¢
» a;. Baseline image, pixel ¢
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Model

Vit = a; + 2tbir + €5
o y;;. Data in pixel 2 at time step ¢
» a;. Baseline image, pixel ¢
» z;. Transformed stimulus time step ¢
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Model

Vit = a; + 2tbir + €5
y;. Data In pixel 7 at time step ¢
a;. Baseline image, pixel :
2. Transformed stimulus time step ¢
b;;. Activation effect of pixel ¢ time step ¢
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Model

Yit = a; + 2¢by + €y
y;. Data In pixel 7 at time step ¢
a;. Baseline image, pixel :
2. Transformed stimulus time step ¢
b;;. Activation effect of pixel ¢ time step ¢
e;+. Measurement error of pixel ¢ time step ¢
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Model

Yit = Q; + 2tbir + €5
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Model

Yit = Q; + 2tbir + €5
® ¢~ N0, Tpatel) —
Yir|a, b ~ N(a; + z:bit, TData)
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Model

Yit = a; + 2:bip + €5
< yit‘aa b ~ N(ai + 2Dy, TData)
® 2 use estimate from similar studies
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Model

Vit = a; + 2ty + €54
® yirla,b ~ N(a; + zbit, Tpata)
o GMRF for a:
m(a) oc exp(—57a Yoy D oye (@i — aj)?)
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Model

Yit = Q; + 2tbir + €5
< yit‘aa b ~ N(ai + 2:bj4, TData)
o GMRF for a:

m(a) o exp(—57a >y Doy (i — a))?)

o Time-space GMREF for b:

T
(b)) exp(—iTB >: >:
t=1

.5 .
1~

;o
exp(—§TT >4 ~

=1 4,1,

(it — bje)?)

(bit — bir)?)
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DAG




DAG

» Dimension (a,b) full problem 356 775.
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DAG

full problem 356 775.
reduced problem 111 825.

» Dimension (a, b
» Dimension (a, b
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MCMC

We have a latent field = = (a, b) and hyper-parameters
0 = (Tdataa TA,TH, TT)
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MCMC

o Given zY and #°
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MCMC

» Given 2" and #°
o forj =0: (niter — 1)
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MCMC

» Given 2" and #°
o forj =0: (niter — 1)
s Sample 0V ~ ¢(6]67)
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MCMC

» Given 2" and #°
e forj=0: (niter — 1)
s Sample 0V ~ ¢(6]67)
s Sample 2" ~ g(x|x’, 0™V)
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MCMC

» Given 2" and 6"

e forj=0: (niter — 1)
s Sample 0V ~ ¢(6]67)
s Sample 2" ~ g(x|x’, 0™V)
s accept/ reject
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MCMC

o Given z” and 8
e forj=0: (niter — 1)
s Sample 0V ~ ¢(6]67)
s Sample 2" ~ g(x|x’, 0™V)
s accept/ reject
o If(accept)
o Pl = grew gnd il = pnew
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MCMC

o Given z” and 8
e forj=0: (niter — 1)
s Sample 0V ~ ¢(6]67)
s Sample 2" ~ g(x|x’, 0™V)
s accept/ reject
o If(accept)
o Pl = grew gnd il = pnew

s else
s Ol =@ and /! = o/
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MCMC

o Given 2V and 4"
e forj=0: (niter — 1)
s Sample 0V ~ ¢(6]67)
s Sample 2" ~ g(x|x’, 0™V)
s accept/ reject
o If(accept)
- 9j+1 — Hrew and :Ej—l—l — pnew
s else
o Gt =07 and 2/t = 2J

o Return (2!, z?,... ™) and (01, 0%, ..., 0™
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MCMC

» Given 2" and #°
o forj =0: (niter — 1)
s Sample 0V ~ ¢(6]67)

s Sample "% ~ | q(z|z?, 6™

s accept/ reject
o If(accept)
. Qj—l—l — Qnew and $j+1 — pnew

s else
o T =07 and /1 = 27
o Return (z!, 2%, ..., z™°) and (6%, 67,. .. 67er)

Challenge: To make a good and cheap proposal for x.
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Traditional blocking

o 2:100 x 100 GMRF, E(z) =0but 2" = 3
# 5 x 5 neighbourhood
o GMRF a approximation to correlation function:

—Sd(ilfz', Zl?j)

r

)

p(Yi, yj) = exp(
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Traditional blocking

o 2:100 x 100 GMRF, E(z) =0but 2" = 3
# 5 x 5 neighbourhood
o GMRF a approximation to correlation function:

—Sd(ZEi, $j)

)

p(Yi, yj) = exp(

r

First iteration (r = 40)
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Traditional blocking

First iteration (r = 40)

Single site 4x4 blocks

20

40

60

80

100

20 40 60 80 100

2x2 blocks Exact sample

200th iteration (r = 40)

Single site 4x4 blocks

2x2 blocks Exact sample
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Traditional blocking

200th iteration (r = 40)

Single site 4x4 blocks

Estimated autocorrelation:

Estimated auto correlation
1 T T T

10 20 30 40 50 60 70 80 90 100
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Overlapping blocks

Idea: Let the blocks overlap.
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Overlapping blocks

Idea: Let the blocks overlap.
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Block updating of spatial fields — p.9/1¢
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Overlapping blocks

x1 X2 x3 x1 x2 x3
x7 x8 3 x9 X7 x8 3 X9
x1 X2 x3 x1 X2 x3
X7 x8 3 x9 X7 x8 3 X9

® Givenz?®

/l: 1 . . . . .
» Sample(a:1+ ,xfl,xfl,xggl) ~ m(B1|z}, g, x4, x5, x4)

Block updating of spatial fields — p.9/1¢




Overlapping blocks

x1 X2 x3 x1 x2 x3
x7 x8 3 x9 X7 x8 3 X9
x1 X2 x3 x1 X2 x3
X7 x8 3 x9 X7 x8 3 X9

® Givenz?
N 1 B . . B .
9 Sample(a:?ﬁ ,xfl,xfl,xfl)~7r1(Bl|x§,a:7é,x$,xé,a:7é)

i+1 i+l B2 B2 i+1 Bl i i i
® Sample(xy  , x5, x5, x5 ) ~ ma(Bal|xy T, xl T, xh, xg, xf)
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Overlapping blocks

x1 X2 x3 x1 x2 x3
x7 x8 3 x9 X7 x8 3 X9
x1 X2 x3 x1 X2 x3
X7 x8 3 x9 X7 x8 3 X9

®» Givenz?
B 2Bl 2Bl ~ i (B |k, 2k, 2, ok, xd)

® Sample (z'*1,
ple( H_l H_l 375B2 2) N7T2(B2|$Z+1 xfl LU%,J?%,LU?Q)
Sample (z Z+1 33 a:z7+1 x§33) ~7r3(Bg|xZ+1 x;Jrl x?fl a:gm azg’))
(w5 +1

Sample z—l—l $Z8+17 z—l—l) N7T4(B4|LBZ+1 1+1 1+1 1+1 7,"7—1—1)

o o 0

1
Lo Tz Ly H&T
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Overlapping blocks

x1 X2 x3 x1 x2 x3
x7 x8 3 x9 X7 x8 3 X9
x1 X2 x3 x1 X2 x3
X7 x8 3 x9 X7 x8 3 X9

® Givenz?®

(x] i+l gt xBl) ~ mi (B2, b, 2, xh, zh)

® Sample (x5 H_l H_l , B2, 2B?) ~ mo(Be|z! Tt 2B, zt, xh, xl)

& Sample (z Z+1 33 a:z7+1 x§33) ~7r3(Bg|xZ+1 x;Jrl x?fl B2, x})

Py Sample( —|—1 z—l—l z—l—l’ z—l—l) ~ 7T4(B4|LUZ+1 +1 241 _i+1 7,"7—1—1)

» L'g
® Returnztt!

1
Lo Tz Ly H&T
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Does 1t work?

As previous example with » = {10, 20, 40, 100} and
buffer = {0, 1,2, 3,10}

Buffer=0, r=10 Buffer=0, r=20 Buffer=0, r=40 Buffer=0, r=100

Buffer=1, r=100

Buffer=2, r=100

Buffer=5, r=100

Buffer=5, r=10 Buffer=5, r=20

Buffer=10, r=10 Buffer=10, r=20 Buffer=10, r=100

Exact sample, r=10 Exact sample, r=20 Exact sample, r=40 Exact sample, r=100
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Does 1t work?

Estimated auto-correlation function at pixel (48, 48).
Left:block Gibbs without buffers
Right: with buffer five

Estimated auto correlation Estimated auto correlation
1.2 T T T T T T T T T 1.2

_04 | | | | | | | | | _O 4 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90

Block updating of spatial fields — p.10/1¢



Transition probability

Hard to calculate the transition probability:
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Transition probability

Hard to calculate the transition probability:

n . o v 2
RN O R w el w

oo i o» iyl e

vi y2 y3 vl y2 y3
N BTN

y7 y8 ¥ y7 y8 y9

/ /
_ B1 B1 B1
q($|$ ) - /[71'1(331,332 yLg Iy |$3,$6,3§'7,$8,3§'9)

/ / /
B2 B2 B1
772(37273737375 y Lg |331,33‘4 737773787379)
/ / / / /
B3 B3 B2
7T3($4,$5 y L7y L8 |$1ax27$37$6 ,5179)
/ / / r / / / /
B1 B1 B1 B2 B3 B2 B3
T4(T5, Tg, Ty, To|T1, To, T3, Ty, T7)]dey " dwy " deg dxg “dryg deg “doy
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Transition probability

Time series blocking:
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Transition probability

Time series blocking:

/ /
a(zle’) = / iy (e, @B |es, 24, @5)

/ / /
772(x2>373’x52|x1>375)

/ / / / /
7T3(334>$5\931>$2a373)]d$231d$f2
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Transition probability

Time series blocking:

x1 ixzi X3 §x4§ x5 x1 Exzé x3 §x4§ x5
x1 ixzi x3 ix4; x5
/ /
aale’) = [y a8 ws, a0, 05

/ / /
772(x2>373’x52|x1>375)

/ / / / /
7T3(334>$5\931>$2a373)]d$231d$f2

/ / / / / / / / /
= w(m1|x3,m4,x5) -7r(x2,x3|x1,x5) -7r(x4,x5|m1,x2,m3)
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Transition probability

Time series blocking:

/ / / / / / / / /
q(z |[x) = w(ri|r3,74,25) '7T(902,5173|$1,5175) -7r(ac4,a:5|x1,a:2,x3)

Can use that:
" Bl
w(xy, 25 |3, x4, 25)

/
w(xq|T3, T4, T5) =
Y m(xBl |z}, x3, 24, 25)

B1
for any 5
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Opposite reversal

» A M-H proposal constructed by Gibbs steps
doesn’t give acceptance rate 1.
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Opposite reversal

» A M-H proposal constructed by Gibbs steps
doesn’t give acceptance rate 1.

o Sample first a direction: = {0, 1}
o Ifi==0useqy: By » By — Bs
.0 ifizzluseqliBgﬁBQ%Bl
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Opposite reversal

» A M-H proposal constructed by Gibbs steps
doesn’t give acceptance rate 1.

o Sample first a direction: = {0, 1}
o Ifi==0useqy: By » By — Bs
.0 ifizzluseqliBgﬁBQ%Bl
# Use acceptance rate

a;,1-i(y|2) = min {17

(2 );Ilzz'(xlfﬂ )}

m(x)q; (2 |z)
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Opposite reversal

» A M-H proposal constructed by Gibbs steps
doesn’t give acceptance rate 1.

o Sample first a direction: = {0, 1}
o Ifi==0useqy: By » By — Bs
.0 ifizzluseqliBgﬁBQ%Bl
# Use acceptance rate

m(2")qi—i(z|2') }

a;1—i(y|z) = min {1’ m(z)qi (2 |x)

o This give o = 1 for Gibbs steps

Block updating of spatial fields — p.12/1¢



Toy example

Model:
» x: GMRF 100 x 10 with F(z) = g and 7.
# 5 x 5 neighbourhood
o GMRF a approximation to correlation function:

—Sd(xi, ZE]')

r

)

p(Yi, yj) = exp(
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Toy example

Model:
» x: GMRF 100 x 10 with F(z) = g and 7.
# 5 x 5 neighbourhood
o GMRF a approximation to correlation function:

—Sd(xi, ZE]')

r

)

p(Yi, yj) = exp(

o Hyper-parameters:
s B~ N(0,1)
s T~ Unif(l, 50)
s T ~ Gamma(0.25,0.05)

Block updating of spatial fields — p.13/1¢



Toy example
Algorithm
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Toy example
Algorithm

» Given 2 and #° = (70, 3, 1)

Block updating of spatial fields — p.14/1¢



Toy example
Algorithm

» Given 2 and #° = (70, 3, 1)
e forj=0: (niter — 1)
s Sample 87 ~ ¢(6]69), r.w.
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Toy example
Algorithm

» Given 2 and #° = (70, 3, 1)
e forj=0: (niter — 1)
s Sample 87 ~ ¢(6]69), r.w.

s Sample 2" ~ q(x|x’, 6™)
2 blocks with/ without overlap
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Toy example
Algorithm

o Givenzand 6° = (7%, 3%, )
e forj=0: (niter — 1)
s Sample 0% ~ ¢(0]67), r.w.
s Sample 2" ~ q(x|x’, 6™)
2 blocks with/ without overlap
s accept/ reject
s If(accept)
o 07T = gnevw and g/ T = gnew
s else
s Gt =07 and 27t = 2J

o Return (2!, z2,... ™) and (01, 0%, ..., 0™

Block updating of spatial fields — p.14/1¢




Toy example
Results mixing for G with buffer={0, 2, 10}:

buffer=0, method=1 buffer=0, method=1 buffer=0, method=1

o o
o N
=

0.5

-2 0
buffer=0, method229%0" O pufter=0, methodl22%0 ~Hhuffer=0, thethod=-2

5 2 1

0.5

:
F

-2 0
0 buffer=2, methodlzofJOO 0 buffer=2, methoulzof)oO _5buffer:2,0method215

5 2 1
OW 0 05
-5 0

-2
0 buffer=2, methodéggoo 0 buffer=2, methodéggoo _snufferzz, %ethod:—?

5 2 1
0 WMWNJ\W 0 0.5
5 m

-2 0
0 buffer=10, methoaiggoo 0 buffer=10, methoaggoo _5ouffer:109method=§

5 2 1

-2
0buffer:lO, methodlzo—oi)0 0bufferzlo, methodlzo— Bufferzlo,omethod:—sl

5 2 1
OWWW% 0 0.5
-5 0 Block updating of spatial fields — p.15/1¢
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Solution fTMRI

Sampling scheme:

Block 1 ]
// \\
B = - o Too How Hom ]
Block 2 -
// \\
rRipw [ Ny R— R ralen
Block B |
/// \\
o e Mo Ho o b Jio How Hom |
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Results fMRI

o r.w. for hyper-parameters, 7p.:, estimated
beforehand

o Each block had @ and five 4
o Overlap: a and two b,
o 20000 iterations
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Results fMRI

o r.w. for hyper-parameters, 7p.:, estimated
beforehand

o Each block had @ and five 4
o Overlap: a and two b,
o 20000 iterations

Trace plots hyper-parameters:

\\\\\
000000000000000000000000000000000000000000
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Results fMRI

Estimated mean a and bqg, bog and bas:

mean(a) t=18 t=28 t=38
200
1ol 180
1600
. 160
20} = 4 71400
1140
H 1200
30t 1 1120
" 11000
4100
40F '8 = |
1800
180
50 f 1 L
600 Lo
400 40
200 20
0
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
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Results fMRI

Estimated mean a and bqg, bog and bas:

t=28 t=38

mean(a)

10

1600

20F " g 1400

H F1200
30t 1

= F41000
wof
F4800

50

600

0
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20

Estimate for some pixels in time:

1000

950 - A N N .
900 pixel (20,24) ,"
gsol <~ T T T
800
750
700
650
600 -

550 | | | | | |
0 10 20 30 40 50 60 70
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Summary

» We have constructed a proposal of dimension
100000 from smaller overlapping blocks.
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Summary
» We have constructed a proposal of dimension
100000 from smaller overlapping blocks.

o Enable us to update hyper-parameters and the
latent field jointly.

Block updating of spatial fields — p.19/1¢
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