
Examples of lattice processes and lattice data

Torstein (Lithology)
Thea (only catchments)
Doctor-prescription in France
Oral cavity cancer in males in Germany, 1986–1990, for 544
districts.
Scots pine in Sweden
Temperature change

March 9, 2017, Ingelin Steinsland TMA 4250: Lattice processes

http://www.math.ntnu.no/~ingelins/TMA4250V17/Forel/TMA4250-presentation.pdf
http://www.math.ntnu.no/~ingelins/TMA4250V17/Forel/PrecipitationVoss.pdf


Doctor-prescription in France

From Cressie and Wikle
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Lattice data and lattice process

Lattice data: Y (si ): Data for discrete spatial features (districts,
pixels, voxels, non-overlapping catchments)

Lattice process: Z (s : s ∈ Ds) defined on a finite or countable
subset Ds of Rd (d=2).

Want to define models ’locally’ through full conditional
distributions.
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Neighborhood and Markov Random Field

Neighborhood: The N(i) neighborhood of a random variable Yi is
such that

[Yi |Y−i ] = [Yi |Y (N(i))]

Markov Random Field (MRF): A model defined through full
conditional distributions.
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Q1: Do we know joint distribution from all full conditional
distributions?

Brook’s Lemma

π(y)

π(w)
=

n∏
i=1

π(yi |y1, . . . yi−1,wi+1, . . . ,wn)

π(wi |y1, . . . yi−1,wi+1, . . . ,wn)

Yes, because of Brook’s Lemma.
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CAR and GMRF

Want model of form
All full conditional Gaussian with:

E (Yi |N(i)) =
∑

j∈N(i)

cijyj

Var(Yi |Y (N(i))) = τ2
i

Book GMRF: Rue & Held, 2005
GMRF = Gaussian Markov Random Fields
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http://www.crcnetbase.com/isbn/9780203492024


Multivariate Normal distribution

Multivariate Normal(MVN) density

Y = (Y1,Y2, . . . ,Yn) is MVN with expected value µ and covarance
Σ, Y ∼ MVN(µ,Σ) if

f (y) =
1

(2π)n/2|Σ|1/2
exp(−1

2
(y − µ)TΣ−1(t − µ))

Conditional MVN

Let Y = (Y1,Y2)T , µ = (µ1, µ2)T and

Σ =

[
Σ11 Σ12
Σ21 Σ22

]
.

Then the [Y1|Y2 = a] ∼ MVN(µ1|2,Σ1|2) with

µ1|2 = µ1 − Σ12Σ−1
22 (a− µ2) and

Σ1|2 = Σ11 − Σ12Σ−1
22 Σ21
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Q2: What is needed for a set of full conditional to give valid
joint distributions?

Sub-questions:
Can we find Markov properties in a joint pdf? Yes,
Hammersley-Clifford Theorem.
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Link G-functions and full conditionals
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Ising model

Link to example Ising model
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http://cs.stanford.edu/people/karpathy/visml/ising_example.html


Scots pine in Sweden
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