
Part 2: Point Processes

Learning outcome
The student has also knowledge about basic concepts of the theory
of point random fields, including K- and L-statistics, spatial
Poisson, Cox and hard-core fields, and simulation of such point
fields. (...) Lastly, the student has knowledge of parameter
estimation in spatial random fields.

Extra text book: Statistical Analysis and Modelling of Spatial Point
Patterns by Janine Illian, Antti Penttinen, Helga Stoyan, Dietrich
Stoyan (2008)
TODAY:
Parameter estimation Maximum likelihood

Bayesian
Log-Gaussian Cox process

’Satatistics’ Intensity, λ(s)
2nd order characteristics K (), L(), λ2() and g(h)

Simulation of Gibbs models
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Spatial Point Processe (SPP)

From Cressie and Wikle:

and we only consider:

Data
Number of points: Z (Ds) = m

Locations: {s1, s2, . . . , sm}

Need to find likelihood function
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Intensity functions

1 order intensity:

λ1(s) = lim
|ds|→0

E (Z (ds))

|ds|

2. order intensity:

λ2(s1, s2) = lim
|ds1|→0,|ds2|→0

E (Z (ds1)Z (ds2))

|ds1||ds2|
. . .

mth order intersity

λm(s1, s2, . . . , sm) = lim
···→0

E (Z (ds1)Z (ds2) . . .Z (dsm))

|ds1||ds2| . . . |dsm|
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Ex. Random: Homogenous Poisson point process (HPPP)

Sampling from Poisson point process

Trees in 1km × 1km domain, with intensity λ0 = 15trees/km2

Sample m ∼ Pos(15)
for i = 1 : m

sample location randomly in domain {si}
end
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Hierachical statistical models (HM), and Cox process

Data model: [Z |Y , θ]
Process model: [Y |θ]
Parameter model: [θ]

Cox process, Inhomogenious Poisson Point Process (IPPP)

Data model: [Z |λ] ∼ Pos(
∫
A λ(d)dx)

Process model: λ(s) (Cox process)

February 14, 2017, Ingelin Steinsland TMA 4250:Point Processes



Pdf for Inhomogenious Poisson Process

(Cressie & Wikle page 215)

Need to evaluate
∫
D λ(x)dx , (same dimension as D, for us 2D)
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Summery likelihood and simulation of Gibbs processes

OK for models with onlt 1.order characteristics
General for models with 2nd order characteristics:

Do not know
∫
. . .

∫
D
λm(x1, . . . xm)dx1 . . . dx2, and this is a

function of the parameters (intractable likelihoods)
Solutions estimation: Integral(s) with MCMC, or composite
likelihood.

Simulations Gibbs processes (and general)
Can sample from f (s1, . . . , sm|m) using Metropolise-Hasting
(update one point at time)
To change number of points, use reversible jump (MH
methods for varying dimensions).
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Kernel estimation of intensity
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Edge-effects fix

From Illian etat 2008, page 185
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K-function (left) subadult longleaf pines
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K-function and L-function for isotropic point process

from Cressie & Wikle page 210 and 211

K-function

L-function

(often without ’−h’)
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2nd order intensity and Pair-correlation function

2nd order intensity

λ2(s, x) = lim
|ds|→0,|dx |→0

E (Z (ds)Z (dx))

|ds||dx |

Pair correlation function

g(s, x) =
λ2(x , s)

λ(s)λ(x)

For HPPP: λ2(s, x) = λ(s)λ(x) and g(s, x) = 1
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Example: Gold particles

From Illian et al (2008)
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Pair-correlation function for gold particles
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Matern cluster process

From Illian et al 2008 page 379
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Ex Bandwidth paire correlation

From Illians et al 2008 page 237
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Phlebocarya filifolia plants

From Illians et al 2008 page 8
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Pair correlation function Phlebocarya

From Illians et al 2008 page 221
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